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Motion of a material point of variable mass in a central force field in the pres-
ence of a perturbing force is considered, The solution of the problem is obtained
in quadratures,

1, We consider a motion of a material point of variable mass in a central perturbing
field obeying the following law
P(r) = Amr" (t.1)

where A and r are the constant field characteristics (when » = 2 and A < 0 , we have
the case of a Newtonian gravitational field), m is the mass of the material point and r
is its distance from the center,
We assume that the mass of the point is a continuously differentiable function of its
distance from the center
m=mef(r)y, r=r() (m=mgr=ry, for 1=210 1.2y

and we also assume that
u=p(@)v (1.3

where v is the velocity of motion of the point in the inertial frame of reference, u is
the velocity of the particles rejected (or assimilated) by the parent point up to the given
instant and p(r) is a specified continuous function, Then the reaction force can be written

as Rir)y=mor{" (r)g(r)v, g =pr—1 (1.4)

‘where a dot denotes derivative with respect to time and a prime, with respect to r.

We assume that in addition to the forces given, a perturbing force F* lying in the plane
of the trajectory and orthogonal to the vector v is also acting on the point, An analogous
problem of motion of a point of constant mass was studied in [1], where it was shown

that if F* = moF (r5 v) (1.5)

then the problem can be reduced to quadratures, We shall show that this remains true
for the case of a point of variable mass,

Equations of plane motion of a point under the conditions (1,1) - (1. 3) have the follow-
ing form in the polar coordinates:

A4 N R
r"-——rq)"2=71—+—f*17r+—f-—gr2, (PQ‘):TP@-F 7 grir'e (1.6}
Fom e F(me) e P =F (),  ot=rl4rg?

» ’ v ¢ v
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Let us find the solution of (1, 6) for initial conditions

r=ro, ro=r¢, Q=@ ¢ =@ for t=0 1.0
Eliminating F we obtain
dv? o, 2 (1.8)
R A

and this yields the energy integral y
v(ry=p {mz A4 2A S dr ) =G (n

wer (1.9)
r iy \
It = exp ( S ; gdr) R o = rg’? qu)ooz
Ts
The second equation of (1, 6) can be written as
oo [ r Hr
ey —g— (F®)="7" 7y
Hr)=F(r, G(r)
and this gives the expression analogous to an area integral
e o . H((ry rdri _
QT =1 | ro?Qy L =D (r (1.10)
V=t [ +r§ e =00
Eliminating @ and the relation for », we obtain
r
t=o5 S (@ — D=3~ lgr  (5=1) .44

r
The integral (1,11) exists for any continuous smooth trajectories except the circular
ones, The signs ¢ and A are chosen with regard to the initial conditions and to the cha-
racter of the field,
From the integrals (1,10) and (1,11) we obtain

.
e =¢o 5 S Or-1(Gir3 — O gy 1.42)
Te

The values of r; and r, for which », = 0 are poles of the integrand functions in (1,12)
and (1,11), The motion of the point takes place, in general, within the annulus r, < r <
< ry and the case in whichry — oo [1] is possible, The equations (1,11) and (1,12)
determine the law of the plane motion of a point of variable mass,

2., We assume that the function of mass flow
m’ = mon (1), it =aqn 2.4

continuous for all ¢ is specified, Then, using the relations (1, 2) and (1,11) we obtain
r

fr)=1+o X gr (G2 — ®%dr 2.2)
Ts

Here the sign of ¢ determines two modes of the change in mass, the flow and the addi-
tion,

Using *he results obtained we can solve the problem of determining the law governing
the mass change employing the prescribed manner of variation of the modulus of its
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velocity given as a function of its distance from the center

v = s{r) (2.3)
From (1. 8) we have

1 () = exp H_ j [s (ry — ik_J' ar | (2.4)

" ’
r gs |

If the program of variation 1n the sectorial velocity amd the radial velocity component
of the point
e =k(r)y - v, =u(r) (2.5)

are both specified then (1, 8) yields the law of mass change in the form
T

j(r) = exp j ¥ (r)dr (2.6)

rﬂ

1 r2 A , k|, k
‘N”=guﬁmzxp[*7v+““+7?ﬁ~—7ﬂ}

If on the other hand the relation (2, 3) and the first relation of (2, 5) both hold, then the
function of mass change is

rH*(r) [, Ao SN
f(ry= -V-;—Tr—)—[’f +(;,‘n“ 2s )"}
ey ="Flir, Vsl @D

When p(r) = const,Eq, (2.6) exists only for the values of p & 1.

The relationships determining the solution of the converse problem are of interest:
given the characteristic functions G (r) and @ (r) of the motion of the point, to find the
perturbind forces, From (1,10) we find

ri=4r1A(r), A(r) = (r2G* — D3y

Defining the quantity r , we obtain from the first equation of (1, 6)

I

Similarly, the second equation of (1, 6) yields

(2.9)

! (’)

r

o _ L
£, = (cp ——f—g(D)A(r)
Formulas (2, 8) and (2. 9) represent the generalized analogs of the Binet formulas in the
theory of central motion of a point, Here the function f(r) is specified,
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